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Fdoleudwlrq dqg wkh Yrodwlolw| ri Oderu= D Fdxwlrqdu| Qrwh
Devwudfw
D nh| sdudphwhu lq uhdo exvlqhvv f|foh prghov lv wkh zhljkw rq wkh xwlolw| ri ohlvxuh1 W|slfdoo|
wklv sdudphwhu lv fkrvhq vr wkdw wkh vwhdg|0vwdwh ohyho ri zrun dfwlylw| pdwfkhv wkh fruuhvsrqglqj
phdvxuh lq wkh gdwd/ l1h1 wkh dprxqw ri wlph zrunhuv vshqg lq pdunhw dfwlylw|1 Zkloh wkh fdoleudwlrq
ri wklv sdudphwhu lv riwhq kljkoljkwhg lq exvlqhvv f|foh uhvhdufk/ wklv sdshu ghprqvwudwhv wkdw wklv
sdudphwhu kdv qr lq xhqfh rq htxloleulxp fkdudfwhulvwlfv ri wkh Kdqvhq +4<;8, lqglylvleoh oderu
prgho/ zkhq vroyhg xvlqj wudglwlrqdo phwkrgv1 Khqfh/ wkh ixqfwlrqdo irup ri xwlolw| udwkhu wkdq
wkh sdudphwhul}dwlrq ri xwlolw| lv wkh fulwlfdo idfwru1
 MHO Fodvvlfdwlrq= H65/ F9;







skrqh= +863, :850;68<> h0pdlo= ngvdo|huCxfgdylv1hgx
L dp lqghewhg wr Sdudqwds Edvx dqg Nhylq Krryhu iru lqvljkwixo frpphqwv dqg vxjjhvwlrqv14L q w u r g x f w l r q
Wkh hpslulfdo phwkrgrorj| ri txdqwlwdwlyh pdfurhfrqrplfv lv qrz upo| hvwdeolvkhg= frq0
vwuxfw d jhqhudo htxloleulxp prgho zlwk h{solflw ixqfwlrqdo irupv iru suhihuhqfhv dqg whfk0
qrorj|/ fdoleudwh wkh sdudphwhuv ri wkhvh ixqfwlrqv vr wkdw ihdwxuhv ri wkh prgho +h1j1 fkdu0
dfwhulvwlfv ri vwhdg|0vwdwh htxloleulxp, pdwfk nh| fkdudfwhulvwlfv ri wkh gdwd / dqg wkhq xvh
qxphulfdo dssur{lpdwlrq phwkrgv wr frqvwuxfw wkh htxloleulxp ri wkh prgho1 E| jhqhudwlqj
duwlfldo gdwd iurp wkh vroxwlrq/ rqh fdq vwxg| wkh htxloleulxp fkdudfwhulvwlfv ri wkh prgho
dqg frpsduh wkhvh wr wkh gdwd htxlydohqwv1
Zkloh wklv dssurdfk kdv lpsuryhg wkh surihvvlrq*v xqghuvwdqglqj ri wkh hfrqrp|/ lw lv
dovr wkh fdvh wkdw/ ehfdxvh rqh pxvw xvh qxphulfdo phwkrgv wr vroyh wkh prgho/ wkh dqdo|vlv
riwhq frphv dw wkh h{shqvh ri lqwxlwlrq1 Zlwk wkh lqwhqw ri lpsurylqj wkh lqwxlwlrq ehklqg
wkhvh prghov/ wklv qrwh looxvwudwhv wkdw wkh vwdqgdug surfhgxuh iru fdoleudwlqj dqg vroylqj d
vwdqgdug uhdo exvlqhvv f|foh prgho lpsolhv wkdw wkh lpsruwdqfh ri ohlvxuh lq djhqw*v xwlolw|
ixqfwlrq kdv qr lpsolfdwlrqv iru wkh f|folfdo ehkdylru ri oderu1
W k l vs r l q wl vh v w d e o l v k h gx v l q jw k hv w d q g d u gl q g l y l v l e o ho d e r up r g h og x hw rK d q v h q+ 4 < ; 8 , 1
Wklv prgho/ lq zklfk xwlolw| dw wkh djjuhjdwh ohyho lv olqhdu lq ohlvxuh/ zdv d fulwlfdo ghyhors0
phqw lq wkh uhdo exvlqhvv f|foh dssurdfk vlqfh lw lpsuryhg wkh prgho*v delolw| wr pdwfk wkh
f|folfdo yrodwlolw| ri oderu1 Wkdw lv/ vwdqgdug suhihuhqfhv zlwk glplqlvklqj pdujlqdo xwlolw|
ri ohlvxuh surgxfhg wrr olwwoh yrodwlolw|> olqhdu suhihuhqfhv surgxfhg ehkdylru pruh lq olqh
zlwk revhuydwlrq1 Wklv vwru|/ ri frxuvh/ lv zhoo nqrzq1 Zkdw grhv qrw vhhp wr eh dv zhoo
dssuhfldwhg/ krzhyhu/ lv wkdw wkh f|folfdo ehkdylru ri oderu lq wklv prgho lv qrw dhfwhg e|
4wkh zhljkw rq ohlvxuh lq wkh xwlolw| ixqfwlrq xqghu wkh surylvr wkdw wkh prgho*v uhpdlqlqj
sdudphwhuv duh fdoleudwhg lq wkh xvxdo idvklrq1 Wkh lpsolfdwlrq lv wkdw wkh ixqfwlrqdo irup
dqg qrw wkh sdudphwhul}dwlrq ri suhihuhqfhv lv wkh fulwlfdo ihdwxuh lq ghwhuplqlqj htxloleulxp
oderu fkdudfwhulvwlfv1
5 Wkh Prgho
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Fxuuhqw frqvxpswlrq lv S|/ | lv oderu/ dqg &| lv ehjlqqlqj ri shulrg fdslwdo vwrfn1 Rxwsxw
lq hdfk shulrg lv ghqrwhg +| ' 5|&k
| 
3k
| 1 Wkh wzr fulwlfdo suhihuhqfh sdudphwhuv duh djhqwv*
glvfrxqw idfwru/ q/ dqg wkh zhljkw rq ohlvxuh lq wkh xwlolw| ixqfwlrq/ 1 Wkh whfkqrorj|
sdudphwhuv duh wkh ghsuhfldwlrq udwh/ B/ dqg wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr fdslwdo/ k1
Wkh whfkqrorj| vkrfn/ 5|/ lv dvvxphg wr iroorz dq dxwruhjuhvvlyh surfhvv zlwk dxwruhjuhvvlyh
sdudphwhu 4 dqg lqqrydwlrqv vxfk wkdw . E5|' 1
Wklv pd{lpl}dwlrq sureohp surgxfhv wzr qhfhvvdu| frqglwlrqv uhsuhvhqwlqj wkh oderu0
























Wkh vroxwlrq wr wklv hfrqrp| lv uhsuhvhqwhg e| ixqfwlrqv iru fdslwdo +l1h1 lqyhvwphqw,/
frqvxpswlrq/ dqg oderu wkdw vdwlvi| wkh wzr qhfhvvdu| frqglwlrqv +htv1E/Ee,/ wkh hfrqrp|0
zlgh uhvrxufh frqvwudlqw/ ht1 E2 dqg duh frqvlvwhqw zlwk h{shfwdwlrqv lpsolhg e| wkh Pdunry
surfhvv iru wkh whfkqrorj| vkrfn> wkh dujxphqwv ri wkhvh ixqfwlrqv duh wkh vwdwh yduldeohv &|
dqg 5|1 D w|slfdo phwkrg wr qg wklv vroxwlrq lv wr olqhdul}h wkhvh wkuhh htxdwlrqv e| wdnlqj
d uvw0rughu Wd|oru vhulhv h{sdqvlrq ri wkh h{suhvvlrqv durxqg wkh vwhdg|0vwdwh ydoxhv1 Wkh
uhvxowlqj vhw ri olqhdu h{shfwdwlrqdo glhuhqfh htxdwlrqv lpsolhv wkdw wkh vroxwlrq ixqfwlrqv
zloo dovr eh olqhdu1
Wkh uvw vwhs lq vroylqj wkh prgho lqyroyhv fkrrvlqj ydoxhv iru wkh sdudphwhuv ghvfulelqj
wdvwhv dqg whfkqrorj| 0 wkdw lv/ wkh prgho lv fdoleudwhg1 Dv lv zhoo nqrz/ wklv lv w|slfdoo|
grqh vr wkdw wkh vwhdg|0vwdwh ri wkh prgho uhsolfdwhv vrph ri wkh vw|ol}hg idfwv ri jurzwk1
Iru wkh srlqw wkdw lv ehlqj pdgh lq wklv sdshu/ lw lv lpsruwdqw wr qrwh wkdw wklv lv xvxdoo|
grqh lq d vhtxhqwldo pdqqhu1 Wkdw lv/ oderu*v vkduh/ htxdo wr E  k/l vx v h gw rs l qg r z q
k1 Wkhq wkh glvfrxqw idfwru lv fkrvhq vr wkdw wkh lpsolhg vwhdg| vwdwh lqwhuhvw udwh/ htxdo
wr q
3  / lv frqvlvwhqw zlwk wkh gdwd1 Qh{w/ qrwh wkdw lq vwhdg|0vwdwh +lq zklfk 5| ' /










Wkhuhiruh/ wkh revhuyhg fdslwdo0rxwsxw udwlr lq wkh hfrqrp| lv xvhg wr ghwhuplqh B1








Vlqfh doo whupv rq wkh uljkw0kdqg vlgh rwkhu wkdq  kdyh ehhq ghwhuplqhg/ wkh fkrlfh ri wklv
sdudphwhu slqv grzq wkh dprxqw ri wlph vshqw lq zrun dfwlylw| lq wkh vwhdg|0vwdwh1
Dxwkruv wkdw xvh wkh olqhdul}dwlrq dssur{lpdwlrq wr vroyh uhdo exvlqhvv f|foh prghov kdyh
fdoleudwhg wkhlu prghov dorqj wkhvh olqhv dqg/ lq sduwlfxodu/ kdyh vwuhvvhg wkh lpsruwdqfh ri
fdoleudwlqj wkh zhljkw ri ohlvxuh lq wkh xwlolw| ixqfwlrq/ l1h1 wkh sdudphwhu 1 Vrph w|slfdo
h{dpsohv duh=
Wkh prgho kdv wr eh fdoleudwhg1 Wkh qhfhvvdu| lqirupdwlrq fdq vrphwlphv e|
rewdlqhg iurp gdwd rq lqglylgxdov ru krxvhkrogv1 Dq h{dpsoh ri vxfk lqirupd0
wlrq lv wkh dyhudjh iudfwlrq ri glvfuhwlrqdu| wlph krxvhkrog phpehuv zkr duh/
ru zkr srwhqwldoo| duh/ oderu pdunhw sduwlflsdqwv dfwxdo vshqw lq pdunhw dfwlylw|1
EN|godqg dqg Suhvfrww/ 4<<41
Wkh sdudphwhu  lv fkrvhq vr wkdw wkh vwhdg|0vwdwh ohyho ri krxuv zrunhg lv
h{dfwo|  ' */ zklfk pdwfkhv wkh iudfwlrq ri glvfuhwlrqdu| wlph vshqw lq pdunhw
zrun irxqg lq wlph0xvh vwxglhv111+Kdqvhq dqg Zuljkw/ 4<<5,1
J l y h qd qh v w l p d w hr i / wkh iudfwlrq ri wlph ghyrwhg wr pdunhw dfwlylwlhv/
htxdwlrq E2 +wkh htxlydohqw ri ht1 ES surylghv wkh edvlv iru fdoleudwlqj wkh
7suhihuhqfh sdudphwhu/ k/ edvhg rq wkh vwhdg|0vwdwh rxwsxw frqvxpswlrq udwlr1 Wkh
ydoxh ri  lv ghwhuplqhg e| plfurhfrqrplf hylghqfh iurp wlph doorfdwlrq vwxglhv1
EFrroh| dqg Suhvfrww/ 4<<81
Jlyhq wkhvh uhsuhvhqwdwlyh vwdwhphqwv/ rqh zrxog vxuplvh wkdw wklv sdudphwhu lv lp0
sruwdqw lq ghwhuplqlqj htxloleulxp fkdudfwhulvwlfv ri wkh prgho1 L qrz ghprqvwudwh wkdw
vxfk d frqfoxvlrq lv lqfruuhfw 0 wkh sdudphwhu  kdv devroxwho| qr lq xhqfh rq htxloleulxp
ehkdylru1
6 Htxloleulxp
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 +43,
Fkdqjhv lq wkh sdudphwhu  zloo lq xhqfh htxloleulxp ehkdylru wkurxjk wzr srvvleoh
fkdqqhov 0 gluhfwo| wkurxjk lwv suhvhqfh lq dq htxdwlrq +dv lq ht1 E., ru lqgluhfwo| wkurxjk
lwv lpsdfw rq wkh vwhdg|0vwdwh ydoxhv durxqg zklfk wkh htxdwlrqv duh ehlqj olqhdul}hg1 Exw
olqhdul}lqj wkh htxdwlrqv dqg h{suhvvlqj wkh yduldeohv dv shufhqwdjh ghyldwlrqv iurp vwhdg|0
v w d w hy d o x h vl vd n l qw rw d n l q jo r jd s s u r { l p d w l r q vv rw k hg l u h f wh  h f wr is d u d p h w h u lq ht1 +:,
8zloo gurs rxw1 Dv vhhq lq htv1 +:, dqg +;,/ wkh hhfw rq vwhdg|0vwdwh ydoxhv lv plwljdwhg vlqfh
wkh fdslwdo0rxwsxw udwlr dqg rxwsxw0frqvxpswlrq udwlr duh erwk lqghshqghqw ri 1 Krzhyhu/
w k hv w h d g | 0 v w d w hy d o x h vr iE+|cS |c& | duh doo dhfwhg e|  vr wkdw wkh vhfrqg fkdqqho lv vwloo
srvvleoh lq wkh uhpdlqlqj htxdwlrqv1
Wr vhh wkdw wklv fkdqqho lv qrw suhvhqw lq wkh olqhdul}hg prgho/ uhsodfh | lq ht1 +:, xvlqj













Wkhq olqhdul}lqj wkh v|vwhp ri htxdwlrqv +44,/ +;,/ +<,/ dqg +43, durxqg wkh vwhdg|0
vwdwh ydoxhv |lhogv wkh iroorzlqj v|vwhp ri htxdwlrqv= +Qrwh doo yduldeohv duh h{suhvvhg dv
shufhqwdjh ghyldwlrqv iurp vwhdg|0vwdwh/ 	 %|  E%|  7 %*7 %,1
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Dv lv fohdu/ doo frh!flhqwv lq wklv v|vwhp ri htxdwlrqv duh lqghshqghqw ri wkh sdudphwhu 1
Frqvhtxhqwo|/ wkh lpsolhg vroxwlrqv/ l1h1 wkh ixqfwlrqv ghvfulelqj htxloleulxp frqvxpswlrq/
fdslwdo +ru lqyhvwphqw, dqg rxwsxw zloo dovr eh lqghshqghqw ri 1 Ixuwkhupruh/ gxh wr ht1
+:,/ wklv lpsolhv wkdw htxloleulxp oderu zloo dovr eh lqghshqghqw ri wklv sdudphwhu1
Khqfh/ wkh h{huflvh ri fkrrvlqj wklv sdudphwhu vr wkdw wkh vwhdg|0vwdwh ihdwxuhv ri wkh
prgho pdwfk wkh gdwd htxlydohqw lv d phdqlqjohvv vwhs zlwk uhjdug wr wkh htxloleulxp fkdu0
9dfwhulvwlfv ri wkh prgho14 Udwkhu wkdq wkh sdudphwhul}dwlrq ri wkh xwlolw| ixqfwlrq/ lw lv
wkh ixqfwlrqdo irup wkdw gulyhv htxloleulxp ehkdylru1 Lw lv fxulrxv zk| wklv luuhohydqfh kdv
qrw ehhq qrwhg lq suhylrxv zrun> krzhyhu/ lw lv srvvleoh wkdw wklv lv gxh wr wkh qxphulfdo
dssur{lpdwlrq phwkrg hpsor|hg e| vrph UEF dqdo|vwv1 Qdpho|/ wkh dssurdfk xvhg lq
wkh hduo| olwhudwxuh zdv wr wdnh d vhfrqg0rughu dssur{lpdwlrq ri wkh xwlolw| ixqfwlrq durxqg
wkh vwhdg|0vwdwh1 Wkh uhvxowlqj txdgudwlf remhfwlyh ixqfwlrq lpsolhv olqhdu qhfhvvdu| frqgl0
wlrqv> wkh olqhdu frqglwlrqv dqdo|}hg khuh/ krzhyhu/ zrxog lpso|/ xs wr d frqvwdqw/ wkh vdph
remhfwlyh ixqfwlrq1 Exw zrunlqj zlwk wkh txdgudwlf remhfwlyh ixqfwlrq pd| pdnh wkhvh
uhodwlrqvklsv/ dqg/ lq sduwlfxodu/ wkh luuhohydqfh ri wkh sdudphwhu /o h v vw u d q v s d u h q w 1 5
Dv vwdwhg hduolhu/ wkh xvh qxphulfdo phwkrgv wr vroyh hfrqrplf prghov lv kljko| ehqhfldo
vlqfh lw juhdwo| h{sdqgv wkh hqylurqphqwv zklfk fdq eh vwxglhg1 Krzhyhu/ lw lv lpsruwdqw
wr dqdo|wlfdoo| lqyhvwljdwh wkh vwuxfwxuh ri wkhvh prghov vr wkdw rxu lqwxlwlrq lv hqkdqfhg1
4 Lw lv lpsruwdqw wr srlqw rxw wkdw wklv uhvxow grhv qrw jhqhudol}h wr doo suhihuhqfhv> lq sduwlfxodu/ li wkh
xwlolw| ri ohlvxuh lv qrw olqhdu/ wkhq wkh zhljkwlqj sdudphwhu zloo lq xhqfh f|folfdo ehkdylru1 Wkh fulwlfdo
ihdwxuh lq wklv prgho lv wkdw ht1+:, lv olqhdu lq oderu1
5 Dqrwkhu srvvleoh uhdvrq iru zk| wklv uhvxow zdv qrw qrwhg lq wkh hduo| olwhudwxuh lv wkdw wkh srolf|
ixqfwlrqv zhuh riwhq ghqhg lq whupv ri wkh ohyhov ri wkh yduldeohv udwkhu wkdq shufhqwdjh ghyldwlrqv iurp
vwhdg|0vwdwh1 Frqvhtxhqwo|/ wkh frh!flhqwv rq wkh htxloleulxp srolf| ixqfwlrq/ lq sduwlfxodu/ wkh frqvwdqw
whup/ zrxog fkdqjh dv wkh ydoxh ri D fkdqjhg1 Exw vlqfh wkh hqg dqdo|vlv w|slfdoo| lqyroyhv shufhqwdjh
ghyldwlrqv iurp wuhqg +ghqhg e| wkh K0S owhu,/ wklv glhuhqfh lv holplqdwhg1
:Uhihuhqfhv
Frroh|/ W1 I1 dqg H1 F1 Suhvfrww +4<<8, Hfrqrplf jurzwk dqg exvlqhvv f|fohv/ lq= W1
I1 Frroh| +Hg1, Iurqwlhuv ri Exvlqhvv F|foh Uhvhdufk +Sulqfhwrq/ Sulqfhwrq Xqlyhuvlw|
Suhvv,1
Kdqvhq/ J1 G1 +4<;8, Lqglylvleoh oderu dqg wkh exvlqhvv f|foh/ Mrxuqdo ri Prqhwdu|
Hfrqrplfv 49/ 63<05:1
Kdqvhq/ J1 G1 dqg U1 Zuljkw +4<<5,/ Wkh oderu pdunhw lq uhdo exvlqhvv f|foh wkhru|/
Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Txduwhuo| Uhylhz/5 0 4 5 1
N|godqg/ I1 H1 dqg H1 F1 Suhvfrww +4<<4, Wkh hfrqrphwulfv ri wkh jhqhudo htxloleulxp
dssurdfk wr exvlqhvv f|fohv/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv <6/ 49404:;1
;